Abstract: It is shown that the Aharonov-Bohm scattering amplitude, in the presence of contact interaction, exhibits a genuine nonperturbative behaviour. This means that the corresponding field theoretical formulation, based on the 2+1 nonrelativistic Chern-Simons gauge model coupled to self-interacting complex scalar field, is not able in general to reproduce, order by order in perturbation theory, the exact result. It is proven that the full agreement between the exact quantum mechanical amplitude and the resummation of the perturbative expansion of the renormalized 1PI amplitude actually occurs only in particular cases, at variance with some recent claims in the Literature.
I. There are attempts and claims in the recent Literature [1] [2] [3] [4] [5] [6] to relate, order by order in perturbation theory and in quite a general way, the strength of the contact-interaction, for two particles on the plane, with the renormalized coupling of some 2+1 dimensional nonrelativistic field theoretic models. Here we want to show how that issue appears indeed to exhibit remarkable subtleties; moreover we shall be able to point out to what extent the above matter holds true and where some of the quoted references (specifically [3] and [6] ) contain relevant inaccuracies and, thereby, incorrect statements.
The original attempt [1] was to put into a close relationship the quantum mechanical scattering amplitude, for two particles interacting via δ-like potential on the plane, with the renormalized 1PI four-point function of a self-interacting nonrelativistic complex scalar field model. Now, it is well known [7] that, on the plane, δ-like potentials are not mathematically properly defined at the quantum level. The correct formalism to describe point-like interactions of two identical point particles with mass m in dimension n ≥ 2 is only in terms of the self-adjoint extensions of the relative Hamiltonian H 0 = (p 2 /m). This framework will be referred to in the sequel as contact-interaction.
This leads [7] to the non trivial scattering amplitude -which is entirely due to the s-partial wave -given by πipf (p, E 0 ) ≡ e 2iδ0 − 1 = exp 2i arctan π ln(p 2 /mE 0 ) − 1
here p is the modulus of the relative momentum, while E 0 ≥ 0 is the resonance energy and/or the opposite of the bound state energy E B = −E 0 , which labels the one-parameter family of the self-adjoint extensions of H 0 disclosing, thereby, the presence of some non trivial attractive interaction due to the boundary condition at the origin. As a matter of fact, it turns out that, for any given behaviour at the origin of the square integrable wave function, a true bound state always exists [7] which specifies, in the most natural and physical manner, the corresponding self-adjoint extension of H 0 . Notice that the limiting case E B → −∞ (E B → 0), corresponding to regular (purely singular) wave functions, leads to vanishing amplitudes, i.e. to the switching off of the contact-interaction (free particle). Consequently, we can conclude that, in two spatial dimensions, the contact-interaction leads to non trivial physical effects and turns out always to be of attractive nature. Now, one can try rather easily to identify the quantum mechanical momentum scale m|E B |, due to the presence of contact-interaction, with the subtraction point mass parameter µ of a renormalizable field theoretic model. The question is, therefore, to carefully verify whether such an identification is actually there, taking into account the close relationship between the quantum mechanical scattering amplitude and the renormalized 1PI four-point function -in the centre of mass frame -of a nonrelativistic field theoretic model: namely,
which holds true in 2+1 dimensions. The model is that of a self-interacting complex scalar field, as described by the following renormalized Lagrangian density in 2ω+1 dimensions
where △ ≡ ∂ 2 , the bare coupling λ 0 being determined, order-by-order in perturbation theory, by
ǫ ≡ ω − 1 and µ is the conventional mass parameter within dimensional regularization. Here, the quantity F (ǫ, m/µ) is the usual arbitrary finite part (analytic for ǫ → 0), which has to be fixed by some renormalization prescription, while all the coefficients of the higher poles (1/ǫ k ) can be readily computed from renormalization group equations. Now, it is an easy exercise to show that, if the finite part of the one-loop 1PI four-point function -which turns out to be the only renormalization part -is chosen to be equal to zero (MS-scheme), then the exact renormalized 1PI four-point function, in two spatial dimensions and in the centre of mass frame, reads
where µ ′ is defined from ln µ ′ = ln µ + (1/2)(ln(4π) − γ E ), γ E being the Euler-Mascheroni constant. A comparison between eq.s (1) and (5) allows us to recognize the following correspondences, taking eq. (2) into account, according to ref. [1] : namely,
here δ 0 denotes the phase shift associated to the scattering amplitude of eq. (1). We notice that, owing to the fact that only attractive pure contact-interactions on the plane are non trivial, i.e. a bound state is always present [1] , [7] , there is no relationship between the nature of the pure contact-interaction on the plane and the sign of the quartic self-interaction, at variance with some popular belief. In other words, the sign of the renormalized coupling λ(µ ′ ) is merely determined by the relative magnitude between the physical scale √ −mE B and the definite (but arbitrary) choice of the subtraction scale µ, the attractive nature of the contact-interaction being anyway understood.
It is apparent that eq. (7) precisely provides the above mentioned relationship among the renormalized coupling λ, within the MS-renormalization prescription, the mass scale µ and the bound state energy E B . Now some comments are in order.
i) If one uses momentum cut-off regularization, as in ref. [1] , one equivalently obtains
where Λ is the ultraviolet cut-off. Obviously, if we suitably fix the renormalization prescription, eq. (5) is recovered. ii) From eq. (7), taking into account that the bound state energy E B is a physical parameter -i.e. µ-independent -one immediately gets that the β-function is exactly given by [1] 
This exact value can also be obtained from perturbation theory, to any order, by noticing that there are no higher order corrections -in the running coupling λ(µ ′ ) -to the simple pole (1/ǫ) in eq. (4). iii) Eq. (5) truly corresponds to the sum of all the renormalized Feynman graphs and turns out to be, as it does, analytic function of the renormalized coupling parameter λ. From the physical point of view this entails that small values of λ lead to very weak pure contact-interaction, i.e. very large and/or small bound state energy.
The actual correspondences based upon eq.s (2) or (6), appear to be firmly established as they stand; it is natural to see, therefore, whether there exists a generalization in the presence of the Aharonov-Bohm interaction.
II. Let us in fact consider the quantum mechanical scattering amplitude, when the Aharonov-Bohm (AB) gauge potential
, is switched on ♭ . There, ♭ We can restrict ourselves to the interval −1 < α < 0 cause, as it is well known, for integer values of α the Aharonov-Bohm quantum Hamiltonian is gauge equivalent to the previously discussed pure contactinteraction Hamiltonian.
once again, the contact-interaction is described by the self-adjoint extensions of the relative Hamiltonian symmetric operator
2 , but it turns out that two independent energy scales are now necessary to parametrize the two-parameter family of (rotationally invariant ♯ ) self-adjoint extensions of H α . Actually, we have the following s-and p-partial waves phase shifts [9] , [10] : namely,
where the upper (lower) sign corresponds to the presence (absence) of a bound state in the spectrum i.e. to attractive (repulsive) contact interaction. We remark that, at variance with the case α = 0, both attractive and repulsive contact-interactions are allowed when the AB interaction is switched on. This fact is ultimately due to the competition between the purely repulsive point-like solenoid-interaction and the purely attractive pure contact-interaction on the plane.
Here we see that the contact-interaction, parametrized by the physical energy scales E 0 , E 1 , only affects the partial waves corresponding to the ℓ = 0 and ℓ = 1 values of the angular momentum quantum numbers. However, the full amplitude in the case α = 0 takes contribution from any further ℓ-partial wave -at variance with the pure contact-interaction case α = 0 we have previously discussed.
Leaving aside the issue concerning the p-partial wave amplitude, we want here to discuss the case in which the two constituent interacting particles, have a symmetric wave function (boson-made anyons). Then it has been argued [3] , [4] , [6] , that the s-wave scattering amplitude can be obtained, order by order in perturbation theory, through an abelian nonrelativistic Chern-Simons (CS) gauge field model. Unfortunately, those references contain some quite relevant inaccuracies leading to unreliable statements, as we shall discuss below.
First of all we notice that the self-adjoint extensions of the Hamiltonian H α lead to a one-parameter family of different s-partial waves labelled by one dimensionful parameter E 0 ≥ 0. The physical meaning of the energy parameter E 0 is as follows. In the attractive regime -see eq. (10a) with the upper sign -E 0 is the energy of the resonance which occurs when the phase shift δ 0 = (π/2); furthermore, we have a bound state of energy E B = −E 0 . In addition, when −(1/2) < α < 0, there appears a further resonance of energy E res = E 0 (sec πα)
1/|α| with a hard core phase shift ξ 0 = (πα/2) (see, for instance, ref. [11] ). Consequently, we can say that the upper sign in eq. (10a) describes an attractive regime in the presence of a hard-core barrier for −(1/2) < α < 0, as well as a purely attractive regime when −1 < α < −(1/2).
Conversely, in the repulsive regime -see eq. (10a) with the lower sign -a single resonance exists at the energy E res = E 0 | sec πα| 1/|α| and with a hard-core phase shift ξ 0 = (πα/2) for −1 < α < −(1/2), whereas no resonance appears for −(1/2) < α < 0 and the dimensionful parameter E 0 can be traced back only from the slope of the curve which plots eq. (10a) with the lower sign.
Finally, in the limit α → 0, the one-parameter family of eq. (6) must be reobtained in the attractive regime, after identification of E 0 with −E B and noticing that the two resonances of above degenerate into a single one of energy E 0 , while the trivial free case (Friedrichs' extension) is always recovered in the repulsive regime.
To sum up, a careful examination of the above patterns drives to the following remarks. First, the ranges of the quantities η are complementary one to each other with respect to the real line. It means that, for a given value α of the AB-strength, different self-adjoint extensions of the Hamiltonian operator really correspond to distinguished physical regimes. Second, the energy parameter E 0 can be operatively determined (in principle) by a two-particle scattering experiment and, in so doing, it picks up uniquely which element -within the family of the self-adjoint extensions -actually governs the quantum dynamics. Third, once the energy parameter E 0 has been operationally fixed, a related characteristic length may also be used, in order to unambiguously label the physical Hamiltonian operator. For instance, following ref. [10] , we can set
♯ As the AB Hamiltonian operator has deficiency indices (2,2), the most general form of the self-adjoint extensions of the AB Hamiltonian operator is provided by a four parameter family, whose elements do not commute, in general, with the angular momentum operator [8] . Now, according to the above remarks, the Authors of ref.s [3] , [6] aim to describe the quantum mechanical amplitude by means of some dimensionful quantity. Nonetheless, the first lines in eq. (5) of ref. [3] and eq. (2.28) of ref. [6] are such that:
i) the self-adjoint extensions are labelled by two parameters R and w, one of which (R) is a fixed length unit, while the other one (w) is a real number independent from α; ii) however, the limit α → 0 could be non vanishing (attractive regime) iff the Authors supposed a dependence upon α of w, which clearly conflicts against item i).
Therefore, although perfectly legitimate, the above mentioned parametrization turns out to be difficult to handle, owing to the above mentioned subtlety (see Appendix). In particular the claim in ref.s [3] , [4] that a general correspondence exists between the parameter of the self-adjoint extension and the renormalized scalar self-interaction coupling is not correct as we shall show below.
III. In order to proceed correctly, let us start instead from the phase shift of the s-partial wave in eq. (10a). It is a simple matter to obtain from it the exact quantum mechanical s-wave partial amplitudes in the presence of a repulsive and attractive contact-interaction -i.e. self-adjoint extensions -which read respectively
where T (p, E B ) is the attractive pure contact-interaction quantity as defined in eq. (6). It is immediate to check that, in the limit α → 0, the pure contact-interaction amplitude of eq. (1) is readily recovered from eq. (11b) , whereas the expression (11a) indeed vanishes. The open question is now to establish whether the above quantum mechanical amplitudes can be reobtained order-by-order in perturbation theory, taking the general relation of eq. (2) into account, starting from the field theoretic model described by the renormalized Lagrangian density in 2ω+1 dimensions
corresponding to a nonrelativistic charged scalar field interacting with a Chern-Simons gauge field [2] . Here we actually have
It is possible to show from Feynman's rules and the power counting criterion that (12) is stable under radiative corrections, i.e. there is no need of any further counter-term, but scalar self-interaction, to make Green's functions finite to all orders in perturbation theory [12] . It is important to stress that, within the present model, the self-interacting quartic coupling of the charged scalar field is necessarily generated by the radiative corrections induced from the minimal coupling with the Chern-Simons gauge potential. This means that, in the framework of the renormalizable perturbative field theory, it is not possible to switch off the contact interaction -i.e. quartic scalar self-interaction -if the Aharonov-Bohm interaction -i.e. ChernSimons coupling -is there.
* Now, from the quantum mechanical point of view -see eq.s (11) -it is clear that * In other words, if the quartic self-interaction coupling parameter λ 0 is equal to zero at the classical level (i.e. a 0 = 0), it becomes different from zero (and indeed divergent since a 1 = 0) owing to quantum radiative corrections.
the limits E 0 → ∞ and E 0 → 0 are perfectly legitimate and indeed reproduce the ℓ = 0 component of the standard-AB (the very original one [13] ) and of the exotic-AB † scattering amplitudes respectively: namely,
Therefrom, on the one hand we verify once again that, in the exact quantum mechanical amplitudes of eq.s (11), the AB-strength α and the contact-interaction energy scale E 0 are truly independent physical quantities. On the other hand, eq. (14) shows that the above feature does not occur a priori in the field theoretical perturbative formulation, as the condition to find a perturbative fixed-point immediately suggests some functional dependence between the AB-strength α and the parameter λ which eventually describe the contact-interaction. This is a first signal against the complete identification of the two formulations.
As a matter of fact, the perturbative evaluation of the partial s-wave renormalized scattering amplitude starting from the Lagrangian (12) leads to, up to the two-loop approximation [2] [3] and in the MS-renormalization-scheme,
together with the relationship
First we notice that, once again, owing to the absence of higher order corrections to the coefficient of the simple pole in (1/ǫ), the β-function is exactly provided by the expression
which means that perturbative scale invariance occurs at the critical values λ (±) cr = ±2ν = ±4πα, according to ref. [2] . It should be stressed that those critical values are obtained within the framework of field theoretic perturbation theory; on the contrary, we recall that the exact quantum mechanical amplitudes of eq.s (11) exhibit nonperturbative scale invariance if and only if E 0 → 0 and/or E 0 → ∞ (see below). Now the key point. A straightforward comparison between the quantum mechanical amplitudes of eq.s (11) and the field theoretical perturbative expansion of eq.s (16-17), allows us to establish the domain in the parameter space (α, λ) in which the two formulations appear to be physically equivalent. This analysis shows that the correspondence takes place in the following two cases: a) attractive pure contact-interaction, α = 0 ; b) CS minimal coupling λ = 0, corresponding to repulsive contact-interaction. Let us in fact consider the limit α → 0 of eq. (16); then the expansion in powers of λ of the attractive pure contact-interaction amplitude of eq. (5) is correctly recovered. If, instead, we let λ → 0, then only the expansion in powers of α of eq. (11a) is indeed recovered. This means that the repulsive regime for the contact-interaction is described by the renormalized minimally coupled Chern-Simons perturbative field theory in the MS-scheme, i.e. with a 0 (λ, ν) = 0 and a k = a k (ν), provided we identify µ ′ = √ mE 0 . It is worthwhile to repeat that, in the case of the planar pure contact-interaction, the field theory is mathematically meaningful ∀λ ∈ R, notwithstanding the genuine attractive nature of the self-adjoint extensions of the Laplacian [7] . † It is worthwhile [8] to recall that the standard-AB (exotic-AB) case corresponds to the self-adjoint extension of the Hamiltonian operator H α , whose domain is that of the square integrable wave function regular (purely singular) at the origin, for all the admissible values of α and p.
By the way, the result b) supports in a even stronger way the very same philosophy. As a matter of fact, it is well known that the wave-function for the two-particle sector of the nonrelativistic CS field theory formally satisfies the following Schrödinger equation [2] :
where G(r) is the Green's function of the two-dimensional Laplacian. Consequently, according to the naive expectation, the repulsive contact-interactions would entail λ > 0, once renormalization has been performed. Actually this is not the case, because the quantum mechanical amplitude in the repulsive regime of eq. (11a) is exactly reproduced by the perturbative expansion of eq.s (16-17) only for λ = 0. Therefore, what we do eventually learn from the above observations is that i) contact-interaction on the plane can not be suitably described by some δ-like potential and ii) the sign of the quartic self-interaction of the complex scalar field does not share any relation with the nature of the contact-interaction, at variance with the conventional wisdom.
Let us now consider the expansion in powers of α -the strength of the AB interaction -of the exact quantum mechanical amplitude in the attractive regime of eq. (11b): namely,
Now, since the quantity T (p, E B ) is precisely obtained from eq.s (6-7) and reads
it is absolutely manifest that the coefficient of α 2 in eq. (20) is not analytic in the renormalized coupling λ ♯ and, consequently, the full resummation of the perturbative expansion of Γ
R,s (p/µ ′ , α), whose two-loop value is provided by eq. (16), will never be able to reproduce the exact formula (11b), which turns out to contain truly nonperturbative effects (the AB-effect in the presence of the attractive contact-interaction). This conclusion shows that the claims of ref.s [3] , [4] , [6] are not correct as they stand.
A further remark is concerning the scaling properties. The basic feature to be gathered is that perturbative field theoretic and nonperturbative quantum mechanical approaches lead to different values for critical points, at which scale invariance eventually occurs.
As a matter of fact, it is evident from eq. (18), as already noticed, that the critical values λ (±) cr = ±4πα indeed correspond to perturbative fixed points [2] , whose nature (IR or UV) depends upon the relative magnitude of the AB and quartic self-interaction couplings. Now, it turns out that, at the critical point λ This means that, even in the two scale invariant limiting cases, the mismatch between the field theoretic perturbative evaluation and the exact nonperturbative value of the scattering amplitude is definitely there. As a matter of fact, if a general formula existed which relates the renormalized coupling λ of the quartic selfinteraction (in perturbation theory) to some parameter describing the self-adjoint extensions of the quantum AB-Hamiltonian, then it is hard to realize why λ (±) cr have to be functions of the AB-strength α, whereas the critical points of the exact quantum mechanical amplitude do not depend at all upon α.
♯ This non analytic behaviour in the renormalized coupling is already evident in the exact expressions of eq.s (10) .
To sum up, in the parameter plane (α, λ) the precise correspondence between perturbative field theory and quantum mechanics is rigorously established only on the coordinate axis λ = 0 and α = 0.
In conclusion, a careful examination of the s-wave cross section allows us to pick up immediately the dynamical regime, as well as to obtain the specific values of the independent parameters α and E 0 . Consequently, one element within the family H (±) α (E 0 ) can be operatively and univocally determined. Sic stantibus rebus, it is clear that, from a physical point of view, the energy scale E 0 represents the most convenient parameter, independent from the vortex strength α, which labels the quantum Hamiltonian.
On the other hand, it is customary in the mathematical Literature [7] , [8] to describe the self-adjoint extensions in terms of the domain of the Hamiltonian operator or, in other words, in terms of some boundary conditions on the wave functions. Although quite elegant, as in this way the family is labelled by one real parameter, this approach is based on the properties of the wave functions which, however, are not directly observable as cross sections are. Furthermore, this method involves some subtleties in the treatment of the limiting case α → 0 as we shall discuss.
To be specific, let us consider the s-state eigenfunctions which can be written in the equivalent forms:
where w ∈ R and R is a fixed length unit, e.g. R = 1 cm. The various coefficients are related as follows:
It is also useful to introduce the dimensionless quantity γ defined by
Now, if one defines the boundary values
then, according to ref. [7] , the self-adjoint extensions are parametrized by the real number ω given by
Taking the above definitions into account, the forthcoming relationships are readily obtained: namely,
¿From the last equalities, it becomes transparent that, as long as α = 0, the repulsive and attractive regimes correspond to w > 0 and w < 0 respectively; moreover the exotic regime is obtained in the limit w → ±∞, whereas the Friedrichs' extension is recovered in the limit w ↓ 0 (which reproduce the original AB formulation [13] ). Now several final remarks are in order. According to our choice, we recall that the energy parameter E 0 , whose physical meaning has been previously discussed, turns out to be independent from α. Consequently, within this scheme, we have w = w(α) and ω = ω(α), owing to eq. (A7). Of course, it is absolutely legitimate to consider, instead, w or ω to be independent from α; in so doing the energy scale becomes α-dependent and does not coincide with our previous choice anymore.
Let us now discuss the delicate limit α ↓ 0. As we have carefully examined in the paper, the limit is smooth if the self-adjoint extensions are labelled by the physical energy parameter E 0 . Furthermore, this feature is also shared by the renormalized Lagrangian density of eq. (12) which nicely reproduce the one of eq. (3) in the pure contact-interaction limit. This is the ultimate reason why the E 0 -parametrization is quite convenient within the present context. On the contrary, the w-parametrization turns out to be highly inconvenient, owing to its discontinuous behaviour when α ↓ 0. As a matter of fact, eq. s (A7-8) show that lim α↓0 w(α) = −1. Therefore, if we want to recover the one-parameter family of the pure contact-interaction we have to allow the parameter R to be a running parameter, at variance with its status when α = 0. It is precisely the difficulty in taking into account this discontinuity which has led the Authors of ref.s [3] , [4] to their incorrect claims. 
